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The Phenomenon of Steady-State
a st | String Motion

Expert Researcher,

The Israel Electric Corporation, Ltd. The paper examines the phenomenon of steady-state motion for a string traveling with
R&D Division, constant velocity along an invariant curve under gravity in a viscous medium. This tech-

Amir Bldg. nically important phenomenon has been known in the literature for about 120 years and

Haifa 31000, Isragl may be applied in high-speed turbines, the textile industry, etc. The conditions for the

e-mail: mir@iec.co.il phenomenon’s existence are found. Concepts of two critical string velocities as well as

sub, super, and hypercritical domains are introduced. The analytical solutions for the
nonlinear differential equations and arbitrary constants for the general boundary condi-
tions are found. The theoretical results are very close to the experimental ones.
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1 Introduction 2 The Differential Equations

The paper examines the technically important phenomenon of alVe assume that a homogeneous, inextensible, ideally flexible
steady-state string traveling with constant velocity along an iistring without bending and torsional stiffness travels with a con-
variant curve(mode under gravity in a viscous medium. Thestant velocity along an invariant mode having lengthGravity
phenomenon is illustrated schematically in Fig. 1. The stringnd resistance of the mediudrag force load the string. The
comes out from outlet device @utleh, moves along invariant drag force is assumed as constant, always directed along the mode
mode 1 or 4, and enters into inlet devicgiBlet). One sees the tangently opposite to the traveling velocity. The differential equa-
string frozen in space, because the motion along the mode is figns of the steady-state plane motion may be derig@ from
visible. The string in fact moves only along itself and its velocityequilibrium” of string element shown in Fig. 2. The equations’
at every point is constant and directed to the mode tangent. THRYivation in general form is given in the Appendix. These equa-
phenomenon may be applied in high-speed turbines coolirﬁﬂns in projections onto Cartesian coordina¥esy in nondimen-
thread coiling in the textile industry, design of easily unrollegional form are

mobile radio antennas, etc. d dx\  dx
This problem has a long research history and still no complete —(p*— ——=0;
solution. In the last century Aitkiil] and Radingef2] wrote ds|™ ds/ ds
about the string “rigidity” that in their opinion is produced by the d dy| dy
centrifugal forces. Smith and WeathezcH&h and Burge[4] ex- d—(p*d—) - d——n=0;
amined the phenomenon’s heat exchange for practical use in high- s s s
speed turbine cooling. Voevodifb] had carried out numerous dx\2 (dy\2
experiments with different textile cords elevation up to the height (d_s + d_s) =1, (1)
of 30 m.

Kurkin and Lebede\6] showed experimentally in a vacuumwhere the nondimensional variablesy, s, p*, n are equal to
chamber that the phenomenon ceases to exist when the air is re- "
moved. A heavy metallic cord was also elevated due to its spe- = 5 y= X = § p* = P - 9.
cially heightened aerodynamic resistance. These experiments L’ L’ L’ mul’ w'
showed that a dominant reason for the phenomenon’s existenceis_ p _ 1\2 is the fictitious string tensior® is the real tension:

the friction of string-on-air. ; ; e ; :
- . V is the traveling velocity; angk is the drag force of the string
Svetlicky ‘,"md. Gabruk7], Qohen and .EpSte'[.B]’ and N.o.rden- unit masgaccelerationp The drag force that depends on the string
holz and ORel_IIy [9] e_xamlned _the klnemgtlcal condltlon_s Ofgeometry and material, medium viscosity, et§6]) increases
steady-state string motion. Svetlicky and Miroshflld], Kurkin o ntonically with the traveling velocityg is the gravity accel-
and Miroshnik| 11], Healey and Papadopoulp2], and Schagerl eration:m is the string linear mass; argiis the arc(Eulen coor-
et al.[13] analyzed different particular cases of string travelingyinate along the mode.
Perkins and Mot¢14,15 analyzed the vibration and stability con- The fictitious tensiorP* may have any sign, however, the real
ditions of traveling cables while neglecting the resistance of thgcionp is assumed to be positive
medium. :
The purposes of this paper are to present analytical solutions of
the above boundary value problem for different domains of strir@
traveling when considering the resistance of the medium and com- ) ] ]
pare these solutions with the experiment results. The analyses bdntegrating the first of Eq(1) gives

Equations’ Analytical Solution

low and given discussion of the results provide the explanation for dx
the phenomenon’s existence. p*E_X: C;. 2)
Contributed by the Applied Mechanics Division o AMERICAN SOCIETY OF Substitution ofp* from Eqg.(2) into the second Ed1) in terms
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Fig. 1 Schematic illustration of the phenomenon
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Fig. 2 Three kinds of steady-state string motion
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CL[[Cy XM ClCpt X[t c 6
=211+ 1-n 3 )

The valuegp* ands are found from Eqs(3)—(6) after manipu-
lations:

. 1[|Cy+x|rn n
pr=-3 C—2+C2|<31+XI , @)
CL[[Cy X CylCyt x|t c .
T 2| Cy(1+n) 1-n 4 8)

whereC,,C,,C3,C, are arbitrary constants.

Equation(7) has a singular point at= —C;, where the “ten-
sion” p* either vanishes or is infinite regardless of the boundary
conditions. At this point the tangent to the string mode is always
perpendicular to the&-axis (dy/dx=c). Evidently, the solutions
(6)—(8) exist at the singularity only for the case<1.

We name the minimum velocity for which the solution exists at
the singularity as the first critical velocity. This velocit¥., is
found from

#(Vig)=g (n=1). %)
Substituting Eq(5) into
dy 21312
()
p= Ty (10)
dx?

allows one to find the radius of curvatupe
|C1+x|2T2+CH|Cy+x|1 2"+ 2C3|Cy +X|
"

- 4ncC3 - @D
Investigation of Eq.(11) shows that the curvature radius can
either vanish or become infinite at the singularity. We name the
minimum velocity for which the curvature radius vanishes at the

singularity as the second critical velocity. This velocWy,, is
found from

p=

m(Voer)=2g (n=0.9. (12)
Thus, there are three domains of the string motion:

« subcritical, when 82V <V,,,0<v<1nh>1u<g,

* supercritical, when/ ., <V<V,,1<r<2,0.5<n<1g<pu
<29, and

* hypercritical, wherW>V,, ,v>2n<0.5u>2g,

where the parameter=1/n.

4 Subcritical String Motion

First we examine the string having a traveling velocity smaller
than the first critical on¢in subcritical domaih In this case as it
follows from the abovementioned domain the string mode cannot
contain the singularity.

When the origin of Cartesian coordinates is located at the out-
let, the boundary conditions are

y(0)=0; y(a)=b; s(0)=0; s(a)=1, (13)

wherea=A/L,b=B/L;A,B are the horizontal and vertical dis-
tances between the outlet and the inlet.

Substitution of Eqs(6) and(8) into Eq.(13) and manipulation
give the equation of the consta@t

[[Ci+al* "= [Cq**M[|Cy+al* "= |Cy[* "]
=(1-b*(1-n?). (14)
After numerical finding ofC, from (14), the constant€,, Cs,
andC, are calculated as follows:
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Fig. 4 The theoretical string tension for subcritical velocities

stantsC;, C} satisfy the derivative continuous condition. Thus,
there are four boundary conditiori3) for determining of five
constant<,, C;, C5, C3, C,4. The deficient boundary condition
can be found when considering the string equilibrium in the outlet
Fig. 3 The theoretical string modes for subcritical velocities vicinity (on its both sidels One can prove that due to the negative
“tension” the outlet cannot “break” the string direction. Conse-
quently, the deficient conditions is

(1=b)(1—n)

_ . d
C27c rarme (13) © (0)=tana (29)
Coe 1 L e (e 1) \Wherea s the known starting angle between the axiand string
37 2 C,(1+n) 1—n ’ (16) outlet tangent. This angle is determined by the given direction of
the outlet. Experiments also confirm the strong influence of the
A e s e e 17y Starting angle on the string mode.
47 2|Cy(1+n) 1-n an Substitution of Eq.5), (6), and (8) into the boundary condi-

. 1 1 . find fi .
The influence of traveling velocities’ on string modes in th thns (,, 3)Candc( 9) permits o find five arbitrary constant,
2 3 4

subcritical domain is presented in Fig. 3. The modes are shown 16¢’
a=0.2p=0. The analysis shows that the modes do not practicalty,
differ from the catenarnfmotionless equilibrium modestarting

from »<0.2. B (1-b?(1-n? —a?

The plots of the nondimensional tensipfi versus nondimen- T o« T o«
sional arc coordinats for the modes of Fig. 3 are presented in 2a—(1+b)(1+n)tar( 7 5) _(1_b)(1_n)00f(2_ 5)
Fig. 4. The analysis shows that the “tension” tends to the one of
the catenary, when the traveling velocity vanisties, the param- (20)
eterv approaches)0

T o
ci=-Ic.ta| 7~ 3); @

5 Super and Hypercritical String Motions

Now we examine the string having the traveling velocity C,,_Cé|cl|1 "+(1-b)(1-n) -
greater than the first critical on@e. super and hypercritical do- 2 |Ci+altn ’ (22)
maing. In this case the mode with the singularity, for which the
“tension” vanishes, may exist. The continuous “tension” which is _ 1 |Cl|1+n C§|(31|1_n )
positive at the inlet becomes negative at the outlet. Cs=- 2 Ch(1+n) 1-n |’ (23)

The singular point divides the mode into two parts. In a general
case the arbitrary constar®@, C,, C;3, C, in Eq. (5)—(8) may 1[ |Cqyt™™  CylCyt
be different for each part. The arbitrary constants of the first mode Cy=~— 2 Cy(1+n) 1-n (24)

part, which is located between the outlet and singularity, are let-

tered by subscripts™ and the ones of the second part—by sub- There are four solutions for the examined problem satisfying
scripts “.” Using the continuity conditions at the singularity, onethe given boundary conditions due to signs™in Eq. (3) and
can obtain two possible valuegroots of C; (in the process of Eq(21)

S~~~ e~~~ derivation. These solutions are shown schematically in Fig. 5.
C1=C1=Cy; C3=Ca=Cs; Cu=Cy=Cy; C#Ca. Modes 1, 2 correspond to the plus sign in E3). while modes 3,

(18) 4 correspond to the minus sign. Modes 2, 4 have mutually inter-

The derivativedx/dy is always infinite at the singularity re- secting parts and are not of practical interest. Mode 3 can be built
gardless of the boundary conditions, therefore, the differing cohy setting the starting angle 180 deg greater than in mode 1.
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Fig. 5 The four possible solutions satisfying the given bound- \
ary conditions 02 ‘ i \ ‘
o . , 03
Thus, only the plus sign in Ed3) and defined valu€; (Eq. Vo113 \
(21)) are considered in the paper. Corresponding string mode 1 is o
similar to the experimentally observed one. This mode having the 04 |
singularity at positivex, may exist, if the constar@€, is negative, 0 0.1 0.2 03 04 0.5
thereby leading to the inequality X

(1-b?(1-n?—a?

0 Fig. 7 The theoretical string modes (a=45 deg) for large su-
T a ) : per and hyper critical velocities

2a— (1+b)(1+ n)tar(%— g) —(1—b)(1—n)cot< >

(25)

Thus, the motion with the velocity greater than the first criticajes which are considerably greater than the first critical velocity
one exists if its parameters a, b, and « satisfy the inequality are presented in Fig. 7. All the modes in Figs. 6 and 7 have the
(29). ] o - ) starting anglex=45 deg and parametees=0.2,b=0.

The string modes in Fig. 6 correspond to velocities, which are gytiet and inlet can be assumed coincidirmg=(p=0), when
slightly greater than the first critical one. The modes with velocihe distance between them is considerably greater than the length
L. The influence of the starting angle on the modes having con-
stant velocity z=21 m/se) is shown in Fig. 8 for this case.

The string modes are experimentally determined using the ex-
0o I perimental apparatus illustrated in Fig. 9. The closed cylindrical
Y et P woven textile cord 1 which has weight/length 4.5 g/m, length, 7

N . "\ and diameter 4 mm wraps around flanged pulley 2 with the diam-
0 LS kY eter 0.2 m. A surgical groove in the pulley perimeter increases the

: pulley-cord friction. The cord is pressed to the pulley by pinch
rollers 3 and 4. The location of rollers 3 and 4 can be changed and
then fixed along the pulley’s circumference. The pulley attached
to a DC motor moves the cord. The experiments were carried out
with velocities up to 30 m/sec, which were measured with a stro-
boscope. A simple camera photographed the cord modes.

The comparison between theoretical and experimental modes
(the theoretical ones are dotjeid presented in Figs. 10 and 11.
The modes with constant velocityV=19.6 m/sec [
=28.2m/sef) and different starting angles are presented in Fig.
10. The modes with constant starting angle 45 deg and differ-
ent velocities are shown in Fig. 11. The theoretical plots of “ten-
sion” p* versus coordinate corresponding to the modes of Figs.
10, and 11, are shown in Figs. 12 and 13 accordingly.

The “equilibrium” of free string part is considered in Fig. 14
for which the weight mgL and drag forcemof unit mass and end
: (outlet, inle} “tension” forces PY , P3 load the string. The equi-
| librium of moments with respect to the intersection point O of the
v =104 end forces’ directions gives

0.1

0.3

0 o1 02 gLD=pn, (26)
where() is the corresponding area of the modds the distance

Fig. 6 The theoretical string modes  (a=45 deg) for small su-  between the center of gravity of the mode’s area and point of end
per critical velocities forces’ intersection.
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. ; the singularity. The supercritical motion may occur only if the
. i solution exists at the singularity. The conditions for existence of
e the solution are derived for unlimited string length. However,

04 «=-65° string stability and strength, motor power, etc, limit the length.
. This issue is a separate subject for investigation that is not con-
sidered in the paper.
03 0 01 02 03 0.4 05 The analogy between the steady-state motion and equilibrium is
x also interesting. The equilibrium equations of any mode part may

be written(as though the string does not travelhen changing
Fig. 8 The theoretical string modes  (m=21 m/sec?) for differ- the real tensiorP to the fictitious oneP* = P— m\2.
ent starting angles The phenomenon’s existence may be explained while consider-
ing the momentum “equilibrium” of the string part which is
. ) . shown in Fig. 14. The string does not “fall” under the weight
Equation(26) enables to find the drag force acceleralioffom jnfence because the moment of the drag force balances the mo-
Eq. (26) when the experimental string mode is known. ment of the weight. One should pay attention to the paradox of
negative value of the “tensionp; in the equilibrium, despite the

3 Discussion of Results = o
fact that the real tensioR is always positive.

As shown above there are three kinds of string md&és. 2):

« falling mode 3 without the singularit{in the subcritical do-
main); u=23 m/s2

 roundish mode 2 with the singularity when the radius of cur- V=16.2 m/s
vature at the singularity is infinitéin the supercritical do-
main); and

» extended, sharp at the top mode 1 with the singularity when
the radius of curvature at the singularity vaniskiesthe hy-
percritical domain

The boundary conditions for the subcritical motion are the same
as for the motionless string equilibrium because there is no singu-
larity. The singularity leads to an additional boundary condition at
the outlet. The modes strongly depend on the solution behavior at

u=14 m/s2
V=11.9 m/s

1=10.6 m/s2
\ V=8.2m/s

Fig. 11 The theoretical and experimental modes (a=45 deg)
Fig. 9 The schematic diagram of experimental apparatus for different velocities

Journal of Applied Mechanics JULY 2001, Vol. 68 / 5
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Appendix

Figures 3, 6, and 7 show the string elevation starting fram the Derivation of Differential Equations of Steady-State String

catenary, as the longitudinal velocity increases. The tensi . - | . X : | ‘
changes along with velocity as shown in Fig. 5. The modes ag}g)tlon. we write planar c_iynamlq equations for an element o
tension that correspond to small traveling velocity are close to t QMOgeneous, ideally flexible string without bending and tor-

ones of the catenary. Figure 8 shows strong dependence of modld
on the starting angle. an
Theoretical modes agree well with experimental ones. This N 9Q
agreement may be explained by minimum of assumptions that are m—=-—=-0q
made at the transition from the real string to its mathematical a s
model. The experiments also show that the string “falls” when th@here\/= Ve, is the string velocity vector having the module
cono!ition(25) is not satisfied. This may occur, for example,_if theand directed along the tangent to the mode unit Vegiora
starting angle or the distance between the outlet and inlet iStg s the cross-section string force vector which is directed
changed. along the unit vectoe; ; T is the string tensiong is the vector of
distributed linear external force acting on string;is the string
linear masst is the time; andS is the arc coordinate along the
string mode.
Performing differentiation with respect to coordingewhen

Qal stiffness. The string travels with a constant velocity along
invariant mode

(27)

09 ; ] taking into consideration thatS/dt= V= const gives
r i N N aS_VZ Je, -
y | wosa Vs (28)
' | Substitution of Eq(28) into Eq.(27) in terms of
| Q aTe) JT_ _de
— —_ +T—
03 s~ s s tTs (30)
while using total derivatives instead of partial ong@lse string
i mode does not depend on tijrend manipulations lead to
v =094
0 — oy 8 d(T—mV?)_ a0 a1
gt (T-mMV) gt —4gs  &t+a=0 (31)
H Vd ..'
A«’ N o4 Applying of variableT* =T—m\? gives
s | —
0.3 P ‘ *
/ ~"f ; (?T _
A s tato 42
LT v=0T ! -
| ‘ whereT* =T*¢;.
065 02 04 06 0.8 1 Equation(32) is almost identical to the equation of the string
s equilibrium with difference in use of fictitious tensidrf instead
of the real on€Tl. This allows one to apply Eq32) as equilibrium
Fig. 13 The theoretical string tension for the modes of Fig. 10 equation for an arbitrary string part.
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We obtain the equations in projections onto Cartesian coordReferences

natesX, Y using Eq.(32) and relations for “tension” projections
T% andT¥

dy

= X e Y (33)
x> ds' YT ds

The third equation necessary for solution is the relation betwee

the cosines

L 4%
ds

d .
d_S +0x=0;

|

55l

where gy and gy are the projections of the distributed external
force.

d

dy
T ——

as) Tav=0;

(34)

dY2_1
T3 =
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